It is the purpose of this short note to give a global description of the cotangent sheaf of Grothendieck's Quot-scheme in terms of a relative Ext-sheaf of the universal subsheaf and the universal quotient sheaf. As an application one gets a description of the cotangent sheaf of the moduli space of stable sheaves in terms of a relative Ext-sheaf involving only a universal family in case such a family exists.
Introduction
Let H be a coherent sheaf on a projective scheme X over an algebraically closed field k. In [1] Grothendieck constructed a projective k-scheme Quot(H; P), whose closed points parametrise all possible quotient sheaves F of H with given Hilbert polynomial P with respect to some fixed ample line bundle O X (1) . Grothendieck also showed that the Zariski tangent space of Quot(H; P) at a closed point ], corresponding to a quotient : H ! F with kernel K := ker( ), is isomorphic to the space of homomorphisms from K to F:
T Quot(H;P) ( ]) = Hom(K; F):
The question arises how to describe globally the tangent sheaf, or rather the cotangent sheaf, of the Quot-scheme. The answer turns out as follows:
If X is smooth of dimension d and if ! X denotes the dualising line bundle, we can use Serre duality to rewrite (1) as Ext d (F; K ! X ) = Quot(H;P)=k ( ]): (2) In this form (2) can be globalised: Let 0 ! K ! O Quot H ! F ! 0 be the universal exact sequence of sheaves on Quot(H; P) X. Let p and q denote the projections from Quot(H; P) X to Quot(H; P) and X, respectively. We claim that there is a natural isomorphism Ext d p (F; K q ! X ) = Quot(H;P)=k :
Note that we do not make any regularity assumptions on Quot(H; P). In fact, we will prove this result in the slightly more general framework of a smooth morphism p : X ! S of Noetherian schemes. The main idea for the proof consists in identifying the Quotscheme as the zero locus of a sheaf homomorphism on an appropriate product of relative Grassmann schemes.
As an application, we get a description of the cotangent sheaf of moduli spaces of In order to illustrate the method we begin with the discussion of the easier and also well-known case of the Grassmannian. Afterwards, we first briefly recall Grothendieck's construction of the Quot-scheme and then derive the description of the cotangent sheaf from a more precise formulation of Grothendieck's construction and relative duality.
The Grassmannian
Let S be a Noetherian scheme, and let : N 0 ! N be a homomorphism of coherent O S -modules. If N is locally free, then there is a uniquely determined closed subscheme S 0 S, the vanishing locus of , such that an arbitrary morphism g : S 0 ! S factors through S 0 if and only if g ( ) = 0. In fact, if 0 : Hom(N; N 0 ) ! O S is the adjoint of , then the ideal sheaf I S0 of S 0 is the image of 0 . In particular, if S is a T-scheme, we get an exact sequence Hom(Nj S0 ; N 0 j S0 ) ?! S=T j S0 ?! S0=T ?! 0. This wellknown principle can be used to describe the cotangent sheaf of the (relative) Grassmann scheme.
Recall the definition of a Grassmann scheme: If S is a Noetherian scheme, H a coherent O S -sheaf and r a positive integer, then there is a projective S-scheme : G := Grass(H; r) ! S representing the functor Grass(H; r) : (Sch=S) ! (Sets), which associates to a morphism g : T ! S the set of all submodules K in H T := g H with rank r locally free quotient H T =K. Let Let H be a coherent O X -sheaf, and let P be a numerical polynomial, i.e. P(m) 2 Z for all m 2 Z. Grothendieck [1] showed that there is a projective S-scheme Q := Quot(H; P) that represents the set-valued functor on S-schemes, which associates to a morphism g : S 0 ! S the set of all coherent subsheaves K 0 H S 0 := O S 0 OS H such that H S 0 =K 0 is S 0 -flat with Hilbert polynomial P with respect to O X (1). Let 0 ! K ! H Q ! F ! 0 be the universal short exact sequence of sheaves on Q S X. Let p : Q S X ! Q and q : Q S X ! X denote the projetions. But there is a flattening stratification of G for C [6] : The set P of Hilbert polynomials fP(C g )j g 2 G g is finite, and there is a decomposition of G into finitely many locally closed subschemes G P 0 , P 0 2 P, such that a morphism f : T ! G factors through j :
if and only if C T is flat. Moreover, there is an integer m 1 n 0 such that each G P 0 is characterized as the maximal locally closed subscheme in G such that C n j G P 0 is locally free of rank P 0 (n) for all n m 1 . Then n0 (Q) = G P as subschemes in G. Note that a priori the subscheme G P is only locally closed and that an additional argument involving the valuative criterion is needed to conclude that Q is proper over S and hence that G P is closed in G. In particular, there is an open neighbourhood U of n0 (Q) in G and an integer m 2 m 1 such that for all n m 2 and all u 2 U we have P(C u ; n) = dim k(u) (C n (u)) P(n); and if we denote by Z n U the maximal closed subset in U such that C n j Zn is locally free of rank P(n), then (Q) = T n m2 Z n . As G is Noetherian, it suffices to take finitely many integers m 2 n 1 < : : : < n`such that (Q) = T`i =1 Z ni . For each n i we conclude as follows: The coherent sheaf C ni has rank P(n i ) everywhere on U. Hence, for any morphism f : T ! U a surjection f C ni ! N onto a locally free sheaf N of rank P(n i ) is necessarily an isomorphism, so that there is at most one such surjection for each f. This implies that Grass(C ni j U ; P(n i )) ! U is a closed immersion with scheme theoretic image Z ni . In fact, the inclusion Z ni ! U factors through a closed immersion into U G ni , whose image is precisely the vanishing locus of n0;ni j U Gn i . It follows that (Q) U Q`i =1 G ni is the vanishing locus of j U Q`i =1 Gn i . Replacing U by G = G n0 we get the assertion of the lemma. and similarly,
With respect to these isomorphisms the homomorphism e equals . We conclude:
This finishes the proof. the isomorphism of the main theorem, is the differential dg of g. This is the analogue of the Kodaira-Spencer map.
As a consequence of Theorem 3.1 we also recover Grothendieck's description of the Zariski tangent space and the smoothness criterion as a corollary to the base change theorem (cf. [1] ): Corollary 3.8 -Assume that S is of finite type over a field of characteristic zero, and that H is S-flat. Let s 2 S be a closed point, and let q 2 Q be a closed point in the fibre over s corresponding to a short exact sequence 0 ! K ! H s ! F ! 0.
Then the Zariski tangent space of the fibre Q s at q is given by T q Q s = Hom(K; F). If Ext 1 (K; F) = 0, then Q is smooth over S at q. Therefore, the base change theorem for the relative Ext sheaves applies and says that Ext d p (F; K !) = Q=S is locally free at q. As the characteristic of the base field is zero, the local freeness of Q=S at q implies that Q is locally smooth over S at q.
Moduli Spaces of Stable Sheaves
We keep the notations and assumptions on p : X ! S of the previous section, and assume in addition that p has geometrically integral fibres and that S is of finite type over a field of characteristic zero. Let be the degree of the polynomial P. Let F be a sheaf on the fibre X s = X S Spec(k(s)) for some point s 2 S. Recall that F is geometrically stable, if for any field extension k(s) k and any nontrivial proper coherent subsheaf F 0 k F one has r(F) P(F 0 ; n) < r(F 0 ) P(F; n) for all n 0;
where r(F 0 ) is the multiplicity of F 0 , i.e. the coefficient of n in the Hilbert polynomial P(F 0 ; n). Simpson [7] showed that there is quasi-projective S-schemeM = M X=S (P ), the moduli space of stable sheaves, that corepresents the functor which associates to an S-scheme S 0 the set of isomorphism classes of S 0 -flat families of geometrically stable sheaves with Hilbert polynomial P. This theorem is a consequence of the more general Theorem 4.2 below. In order to formulate it, we need to introduce some more notations (for a detailed presentation see also [3] 
The group GL(P (m)) acts on Q (and on R) on the right via composition. Moreover, the centre acts trivially, so that the GL(P (m))-action induces a PGL(P (m))-action on R.
Using Geometric Invariant Theory, Simpson [7] showed that there is a PGL(P (m))- 
Indeed, after someétale base change if necessary, we may assume that is a projection M PGL(P (m)) ! M, in which case the assertion is clear. 
